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1 Chapter 3: Concentration Inequalities

GOAL: Bound P{f(Xy,...,X,,) >t} for ¢t > 0 in the case of a finite sample

1.1 Bounds on Moments

If X >0 and E[X] < oo, then V¢ > 0,

Corollary 1.1.1. Suppose E[X] < 00, h:[0,00) — [0,00) is non-decreasing, and E[h(|X —E[X]|)] < oo,
then YVt > 0,

- h(t)
If E[X] < oo and E[X?] < oo, then V¢ > 0,
P{|X — E[X]| > £} < V“;(X)

1.2 Bounds on MGF

Suppose for RV X, 3b > 0 s.t., V|\| < b, E[e*] < oo.

Then Vt > 0 . 3
P{X — E[X] >t} < ’mfA>0Xe+()

or, equivalently,
logP{X — E[X] >t} < —supxso{At — logMx_,,(\)}

1.2.1 Sub-Gaussian RVs

Definition 1.2.2: Sub-Gaussian

An RV is Sub-G with parameter o2 iff, VA € R

PR
2

lOgMXfu()‘) <
or, equivalently, 3¢ > 0,s > 0 s.t. Vt >0
P{|X — E[X]| > t} < cP{|sZ]| > t}

where Z ~ N(0,1)

o Result from Chernoff Bound: If X is sub-G with parameter o2, then

2

t

(b—a)?

If Xi,..., X,, are independent RVs with support in [a, b], then X,, is sub-G with parameter o2 = T



e Result from Chernoff Bound: For Xy, ..., X, independent RVs with support in [a, b],
S S —2nt?
logP{X,, — E[X,] >t} < exp{m

1.2.2 Sub-Exponential RVs
Definition 1.2.4: Sub-Exponential

An RV X is sub-E with parameters (02, b) if V|\| < 1/b,
)\2 2
logMx—u(\) < =

or, equivalently, 3¢ > 0, > 0 s.t. Vi >0
P{|X — E[X]| > t} < cP{lee| > t}(= ce™®)

where €y ~ Exp({)

o Result from Chernoff Bound: If X is sub-E with parameters (¢2,b), then Vt > 0

—t? 2
- - 0<t<o?/b
logP{X,, —E[X,] >t} << 2¢°
ogP{ [Xn] =t} {2‘2 t>a2/b

If X is a bounded RV with variance o2 s.t. |X — u| < b a.s., then X is sub-E with parameters (o2, b).

o Result from Chernoff Bound: If X1, ..., X,, are independent RVs with variances o7, then V¢ > 0

1.3 Bounded Differences Inequality

Definition 1.3.1: Bounded Differences Property

A function, f, satisfies the Bounded Differences Property if Vi dc; < oo s.t Voq,..., 24, Z;

|f(:r1, ,:z:z,:cn) — f(:l?l, ...,$i_1,£i‘i,1‘i+1, ,l‘n)| S C;

Proposition 1.3.2. Let f(X1,...,X,) :=sup |1 Y7 (9(X;) — E[g(X;)])|, where sup supy [g(X)| < 1.
gEY geY

Then f is BDP with ¢; = 2/n for all i.

, X») is a collection of independent RVs and f satisfies the BDP with constraints ¢y, ..., ¢,, then

If X = (X,...
vt >0 )
P{IS(X) - B0 2 1} < 2eap{~r3)

Notes on proof Makes use of Azuma-Hoeffding Lemma, which is proven by making repeated use of Hoeffding

Theorem to show f(X) — E[f(X)] is sub-G with 02 = 3" ¢? /4



2 Chapter 4: Bounding Regret of ERM

GOAL: Find § € © s.t. the risk, [((X,0)dP(X) =: P{(-,), approximates infaco PL(-,0),

where X1, .., X, ~ P and ¢ : X — R is some loss function.
Because we do not know P, we estimate it with an empirical distribution, P,,, and so our empirical risk minimizer,
0 € ©, is that which minimizes P, /(0)

2.1 Bounding the regret of an ERM

We can quantify how close we are to achieving this goal as, Reg(0) := P£(0) — infaco PL(0).
Observe, R R
0 < Reg(0) = PL(0) — PL(0o)

= (P — P)[£(0o) — £(0)] )
< [(Pn — P){(6o)| — |(Pn — P)(0)]
< 2sup |(Pn — P)e(0)]

=2sup (P = P)|z =: 2[|Py = Pl[z, where 7 = {{(0) : 6 € ©}
fez
So we can upper bound Reg(f) by upper bounding 2||P, — P||#

Proposition 2.1.1. If .# consists of [0,1]— valued functions, then ||P, — P||# satisfies the BDP with ¢; = 1/n for
each i, and, by the Bounded Differences Inequality,

P{|||P, = Pllz — E||P, - Pl|#| > t} < 2eap{-2nt>}

If .7 consists of [0, 1]— valued functions, then with probability at least 1 — 26‘2’”2, it holds that for ¢t > 0,

1 log2
SElRalls — /== — t <E||P, - Plls — ¢

<||Pn - Pll#
<E||P, - Pllz +1
< 2E||Rn|l# +1¢
where the Rademacher complexity, ||R,||.# = ?u}; IR (f)], Ru(f) := 237" € f(x;), and €; are Rademacher
€

RVs.

Notes on Proof: Use of symmetrization and de-symmetrization arguments with a ghost sample, and Prop 2.1.1.

Remark 2.1.1. Properties of Rademacher Complexity (HW 3.2): Let % and 9 denote collections of X — R
functions and fo denote a fixed and uniformly bounded function. Then,

o E[|Ry||719 <El|Rn||l7 +El|Rnlly, where F +9 :={f(z) +g(z): f € F, g€}
o El|Rnl|l7+5, < El|Rnllz + %, where F + fo :={f(2) + fo(z): f € F}.
Remark 2.1.2. Relating Rademacher complexity to regret: Observe
P{Reg(0,) > Knt} < P{2||Pn — P||z > Kt}

< 2E||Pn *PHQ < 4E|‘Rn||9‘
- Kt - Kt

So if K,, converges to 0 faster than E||R,||#, then for all e > 0 and sufficiently large n, there exists some t such
that P{Reg(6,) > K,t} <¢, so Reg(0,) = Op(K,).




2.2 VC dimension

Definition 2.2.1: VC dimension

Let .Z be a class of functions mapping from X — {0, 1} and define the projection of . onto a2} := (21, ...,z,) €
X" as Fpn = {(f(21), .-, f(20)) : f € F}

e Then we say .7 shatters x7 if [F,n| =2"

e The growth function, of #, Ilz(n) := sup [F,|
z7

e The VC dimension of .% is defined as VC(#) := sup{n € N : llz(n) = 2"}
— i.e. the largest n s.t .# shatters a7
e The VC index of .Z is defined as VC () :=inf{n € N : llz(n) < 2"}

— i.e. the smallest n s.t .# does not shatter z7

\. J

Remark 2.2.1. If A is a collection of subsets of X then VC(A) = VC(F4) where Fa :={x — Ig(z): B € A}

Remark 2.2.2. If # consists of mappings from X — R, VC(F) is equal to the VC dimension of the collection of
subgraphs, A= {{(z,t) e X xR:t < f(x)}: fe F}

Consider a family of boolean-valued functions, # = {z — f(x,0) : § € R}, where each f : R™ xRP — {0,1}
and f can be computed using no more than ¢ arithmetic or comparison operations. Then, VC(F) < 4p(t+2).
Example 2.2.1. Let A := {(—o00,b) : b € R}. Then the VC(A) = 1.
Example 2.2.2. Let B := {(a,b] : a,b € R}. Then the VC(B) = 2.
Example 2.2.3. Let C = {(—00,t1] x (—00,t3] : (t1,t2) € R?}. Then the VO(C) = 2.
Example 2.2.4. Let D be the collection of monotone increasing functions f : R+— R. Then VC(D) = oo.
Example 2.2.5. Let E be the collection of spheres in R? with radius b and center (a1,as). Then VC(E) = 3.
Example 2.2.6. Let F = {x — I(z € A): A CR? and A is convex }. Then VC(F) = oco.

Example 2.2.7. Permanence of the VC Property (HW 4.1): Let F be a VC class of functions and g be some
fixed function. Then the following classes are also VC:

o {z: f(x) >0} as f ranges over F
o {z+— f(x)+g(x)} as f ranges over F

o {z+— f(x)g(x)} as f ranges over F

2.2.1 Bounding the Rademacher Complexity with VC dimension

If # is a class of functions mapping to [—1, 1], then

2log(2E[|F 2y |])

n

Corollary 2.2.1. If .7 is a collection of boolean-valued functions then, E||R, ||z < 1/ w

Notes on proof. Derive analogous result for E[||R,||#|z}], use sub-Gaussianity of > €;z;, and take expectation of
both sides.



Let d > VC(%) and .Z be a collection of boolean-valued functions. Then Iz (n) < ZZ:O (]Z ), so it follows

that
2mn n<d
Mg (n) < { (g)dnd n>d

Corollary 2.2.2. If n > VC(F) and .Z is a collection of boolean-valued functions, then

logn
E||Rall> = Oy L")

2.3 Bracketing Numbers

Definition 2.3.1: L"(P) space

The L"(P) space is the space of function f: X — R s.t. ||f||z-(p) := [[ |f(@)|"dP(z)]"/" < o0
Also, ||f||Loo(P) = SUE |f(z)]
TE

Definition 2.3.2: Bracketing Numbers

Given 2 functions, £: X — R and u: X — R,

e The bracket, [¢,u] :={f € L"(P) : £ < f < u pointwise}
o We call [(,u] an e-bracket if ||u — £||prp) < €

e The e-bracketing number, Nj(¢, 7, L"(P) := inf{m : # C UL, [{;, u;] for a collection of e-brackets,
[¢;,u;]}, i.e. the minimal number of e brackets needed to cover .#.

Example 2.3.1. (VAV 19.6): Let % = {f:(z) : t € R} where fi(x) =1(z < t). Then,
N[](e,f,Lg(P)) < N[](e,y,Ll(P» < 1/6

Example 2.3.2. (HW 4.3): Let .Z be a class of functions, f :[0,1] — [0,1] s.t. |f(z) — f(y)| < |z —yl.
Then logNy (e, #, L*(P)) < C/e

Example 2.3.3. (Lipschitz parameterized function class): Let .F := {fy : 6 € © C R4} where © is bounded
and | fo, (2) = fo,(x)| < m(2)[|0r — O2]]. Then,

logNy)(2€|lm||1,, 7, L*(P)) < dlog(diam(®©)/e)

2.3.1 Bounding ||P, — P||# with bracketing numbers

If 7 is a collection of functions s.t. NN (¢, F,L'(P) < oo for all ¢, then .# is Glivenko-Cantelli, that is,
|1Pn = Pllz = 0p(1).



2.4 Covering and Packing Numbers

Definition 2.4.1: Covering Numbers

Let (S,d) denote a pseudometric space and T'C S
e A set T} C T is called an e-cover of T if for each § € T, 30, € T} s.t. d(6,6,) < e
e The e-covering number for T, N(e,T,d), is defined as the size of a minimal e-cover for T

e The log covering number, logN (¢), is known as the metric entropy of T

Example 2.4.1. (Supremum norm on grid): N(e,[0,1]%,] - [|o) = O(Z%)
Example 2.4.2. (Lipschitz functions): Let .# denote a collection of functions mapping [0,1] — [0,1] that are
L-Lipschitz, i.e. |f(x1) — f(z2)| < L|z1 — x2| V1,22 € [0,1]. Then,

L

logN (e, 7, |- [l2c) = O()

Example 2.4.3. (Lipschitz functions with support in [0,1]?): Let .# denote a collection of functions mapping
[0,1]¢ + [0,1] that are L-Lipschitz, i.e. ||f(z1) — f(x2)|] < L||z1 — 22||oo V21,22 € [0,1]%. Then,
L.,
logN (e, 7, || - [[o0) = O((=))

€

Example 2.4.4. (Functions that are Lipschitz in indexing parameter): Let f : X x B +— R be some function

and F = {x — f(z,B) : B € B}. Suppose there exists L > 0 s.t. ¥p1,082 € B ||f(-, 1) — (-, B2)|l# < L||1 — B2||B-
Then,
N(&, 1l llz) < N(/L, B, |- [I)

where || - ||z = |lg1 — g2l|7 and || - |[B = llg1 — g2l[-

Example 2.4.5. (Covering numbers of VC class functions): Let & denote a collection of functions mapping
from Z — [—1,1] that are VC. Then

12lVe(F)-1]
supoN (e, 7, L*(Q) < K - vc*(ff)(me)VC(f)E

Definition 2.4.2: Packing Numbers

Let (S,d) denote a pseudometric space and T'C S
e A set T} C T is called an e-packing of T is for each 01,07 € Ty, d(61,0]) > €

e The e-packing number of T', M (¢, T,d), is defined as the size of the maximal e-packing of T

Example 2.4.6. (Ball in R?): Let B(0,7) denote a ball of radius r in R?. Let {z;:1<j<n}and{y; :1<j<m}
be an e-covering and e-packing, respectively. Then using,

Vol(B(0,r) < Vol(U} B(z,7))
we obtain N(e, B(0,7), |- [|zr) > (£)?, and using
Vol(U"B(y;,€/2) < Vol(B(0,7 +¢/2))

we obtain M(e, BO.7), || [|+) < (2 + 1)* < (3)



Ve > 0, M(2¢) < N(e) < M(e)

Let & C L"(P) for any r € N. Then Ve > 0,

N(e,.#,L"(P)) < Ny(e, #,L"(P)) < N(¢/2, 7, || - ||o)

2.5 Sub-Gaussian Processes

Definition 2.5.1

e A stochastic process {Xy : 0 € T} is a collection of RVs
e A stochastic process is zero mean if E[Xy] =0V0 € T

e A mean zero stochastic process is called sub-Gaussian wrt to a pseudometric d on T if, V0,0’ € T and
VA € R,
\2d(6,6")?

logEleap{X(Xo — Xp)}] < 3

or, equivalently, Xy — Xy is sub-G with parameter o2 = d(6, ¢’)?

Definition 2.5.2: Canonical Rademacher Process

Let S = R™ and d denote the Euclidean metric on S. Let T C S denote the index set and 74, ..., 7, denote iid
Rademacher RVs. Then the Canonical Rademacher Process, { Xy : 0 € T} is defined s.t.

X@ :i@in: <9,7‘>

Remark 2.5.1. The canonical Rademacher Process is mean zero and sub-Gaussian w.r.t the Euclidean metric.

2.5.1 Bounding Sub-Gaussian Processes

If {Xg:0€T}issub-G wr.t. d and A C T x T then,

E X, — Xo)| < /2log|A e A
[(0{3,6}@( o — Xor)] < /2log| I(gfgl,a)»gA (0,6")

Let {Xp : 0 € T} denote a sub-Gaussian process w.r.t. d and let D := sup d(¢,6') denote the diameter of
0,0'€T
T. Then for any € > 0,

E[sup Xy < 2E[ sup (Xo — Xo)] +2D+/log(N (e, T, d)

0eT 0,0/€T:d(0,0")<e



Let {Xy : 0 € T} denote a sub-Gaussian process w.r.t. d and D denote the diameter of 7. Then for any
e >0,

D
Esup Xy <E[ sup  (Xo— Xo)]+8 / JIogNG. T, d)dé
€/2

0eT 0,0’€T:d(0,0")<e

and if {Xy : 0 € T} is a canonical Rademacher process, then

D
Esup Xp < 8/ V0ogN (€, T, d)dé
0

0eT

2.5.2 Bounding Rademacher complexity via bounding of a sub-G process

For a class of functions .%, it follows from the One-step Discretization bound that Vé > 0,

E||Ry|l# < 26 + 2E[Dzp]n"" sup /10g2N (3, F, L*(Q))
Q

172 = sup \/ L3 | fi(@;) — f2(24)]? and the supremum is over all finitely supported proba-

f1.f2€F
bility measures, ), whose support is contained in that of P.

where D znn”

Notes on proof: First, show from definition that E[||R,||#|Z}] = 1E[sup Xy] where ' = % U —%. Then use
0cT

one-step discretization bound and take expectation on both sides to show E[||R, || #] < % +2DL\/logN (e, T, ]| - ||2)-
Finally, use the covering number of T' to derive a covering number for 7.

Remark 2.5.2. The one-step discretization bound diverges as § approaches 0, because the covering number diverges,
however it always finite for fized §.

If % is a class of functions mapping from £ to R s.t. f € F <= —f € Z, then it follows from Dudley’s
entropy integral bound that

BBl < -E| / " VIogN (e, 7, TAE)de]

< Jesung | VN (e 7 P @e

where the supremum is over all finitely supported probability measures, (), whose support is contained in
that of P.

Remark 2.5.3. This bound is trivial in the case that the function class is so large that the integral diverges.

Example 2.5.1. (Lipschitz function with support in [0,1]): Let # denote a class of L-Lipschitz functions
mapping [0,1] — [0,1]. Then it follows from Example 2.4.2. and Dudley’s entropy integral bound that E||R,||# =
1

(L)

Remark 2.5.4. (Lipschitz function with support in [0,1]%): When .Z denotes a class of L-Lipschitz functions
mapping [0,1]% + [0,1], the supremum result of Dudley’s entropy integral bound produces a trivial bound, so the
expectation result much be used, which yields a rate slower than n='/2.

Example 2.5.2. (Lipschitz parameterised functions): Let % := {gg : 8 € R?,||8||2 < 1} where supx|gs, (x) —
9s,(2)| < L||1 — Ba|l2. Then we can bound supglogN (e, F, L*(Q)) < plog(% + 1) using examples 2.4.4 and 2.4.6,
and then it follows from Dudley’s entropy integral bound that E||R,||# = O(L./E)



3 Appendix

Jensen’s Inequality: For RV X and convex function f, f(E[X]) < E[f(X)]
Cauchy-Schwartz Inequality: ([ Pi(w)P(w))? < ([ PE(w)dw)([ P3(w)dw)

Layer Cake representation: If Z is a non-negative RV, then E[Z] = fooo P(Z > t)dt

3.1 Summation and Limit Properties
¢ Z?:li = w
o S =il <1
o Yot =1 | < 1
Y lom=¢
* >l % =e’

o limpsoo(l+1/n)"=e

o limp oo(l—1/n)"=1/e

3.2 Common Distributions

Beta
'« a— —
o PDF: fo5(x) = rigmggye® (1 — 2)7 !
e Support: z € [0,1]

e Parameters: a,8 > 0

Mean: o/(a+

e Variance: m

. _a-=1
e Mode: aj‘_ﬂ_Q

o MGF: M, (1) = 1+ S (I 1 J93) &

e Relationship: If X ~ Beta(f,1), then —logX ~ Exp(6)
Binomial

e PMF: f,(k) = (1)pF(1 —p)~*

e Parameters: p € [0, 1]

e Mean: np

e Variance: np(1 — p)

o MGF: ((1—p)+ pe')"

Chi-Squared

k21 —x/2

e PDF: fi(z) = m

e Support: x € [0,00)
e Parameters: k£ € N

e Mean: k

10



e Variance: 2k

e MGF: M,(t) = (1 —2t)"%/% for t < 1/2

Dirichlet

® PDF: fo, _ax (@1, 2x) = T(X] ai) x T~ /TIET (ay)

2

Support: x1,..,xx € (0,1) where ZlK ;=1

e Parameters: aq,...,ax >0

Mean: «;/ ZkK ag

e Variance: @;(1 — @;)/(ap + 1) where @; = a;/ap and ag = Z,i{ ay

e Mode: (o; —1)/(XF i — K)

Exponential

e PDF: f\(z) = e I(z > 0)

e CDF: F\(z) =1—e

e Support: x € [0,00)

e Parameters: A € (0, 00)

e Mean: 1/A

e Variance: 1/

e Mode: 0

o MGF: Mx(t) = 25, for t < A

e Relationship: Ezp(\) < Gamma(l,\)

Gamma (shape/rate)

e PDF: f, g(x) = % a-le=pe

e Support: x € (0, 00)

e Parameters: «,3 >0

e Mean: a/f

e Variance: a/3?

e Mode: QT_l fora>1

o MGF: M, (t) =(1— §) “fort <f

e Relationship: The sum of independent X; ~ Gamma(a;, B) is distributed Gamma(}_; o, )
e Relationship: If U ~ Gamma(a, ) and V ~ Gamma(3, A) then WLV ~ Beta(a, 8)x
e Relationship: X ~ Gamma(k/2,1/2) <= X ~ Chisq(k)

Gamma (shape/scale)

o PDF: fi0(z) = grrgyz~'e™?
e Support: z € (0,00)

e Parameters: k,60 >0

11



Mean: k6

Variance: k6?2

e Mode: (k—1)8 for k> 1

e MGF: M,(t)=(1—60t)"F fort <1/0

e Relationship: X ~ Gamma(k/2,2) < X ~ Chisq(k)
Inv-Gamma (inverse of shape/rate)

e PDF: f, g(x) = %x_o‘_le_ﬁ/”’

e Support: x € (0,00)
e Parameters: a,8 > 0

Mean: %

2
Variance: W

e Mode: QLH

e Relationship: If X ~ Inv — Gamma(a, ), then 1/X ~ Gamma(a, 5)

Normal

L] PDF qugz ({L‘) = (27{0‘2)71/267$(m7#)2

Support: x € R

Parameters: u € R, 02 > 0
e Mean: p

e Variance: o2

o MGF: M,(t) = ert+o"t*/2

e Relationship: Sum of n iid standard normal variables is distributed y?
Multivariate Normal

o PDF: f,.5(X) = det(2r%) " 2eap{~1(X — )= (X — )}
e Support: X € R*

e Parameters: pu, >

e Mean: p

e Variance: X

o MGF: Mx(t) = et t+3t" =t

Multinomial

e PMF: fp,  p.(21,...,2%) = #‘M,pgflpzk

e Support: z; € {0,...,n} with >~ . z; =n

Parameters: pi, ..., pr > 0; Zf p; =1
e Mean: np;

e Variance: np;(1 — p;)

12



o MGF: My, 4 (t1,.ity) = (Zf pieti)
Poisson

o PMF: fy(k) = 25

e Support: k€ N

e Parameters: A € (0, 00)

e Mean: X\

e Variance: A

o MGF: M,(t) = e*¢' =D

e Relationship: Sum of independent X; ~ Pois();) are distributed Pois(} ", \;)
Uniform

e PDF: fu4(2) = s l(o € [a,1])

e CDF: Fyp(z) = =2

e Support: x € [a, b]
e Parameters: a <beR
e Mean: (a+b)

e Variance: {5(b— a)?

e MGF: “ ,
_ ta

€ ¢ tt#0

1 :t=0

Order Statistics

o fxo (@) = n(l — Fx(2))" fx(2)

o fxo (@) = n[Fx (@) fx (o)

o Fxo (@) = Gy Fx (@)L~ Px (@)~ fx ()

o [xa X0 (@Y) = ooy Ex (@) Fx (y) = Fx (@) 7L = Fx ()] fx (2) fx (y)

® fXay X W1y yn) = nlfx (Y1) fx (yn)

13
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